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VORTEX MOTIONS OF LIQUID IN A NARROW CHANNEL

A. A. Chesnokov UDC 532.591+517.958

Quasi-linear integrodifferential equations that describe vorter flows of an ideal incompressible
liguid in a narrow curved channel in the Fulerian-Lagrangian coordinate system are considered.
The necessary and sufficient conditions for hyperbolicity of the system of equations of motion
are obtained for flows with a monotonic velocity depth profile. The propagation velocities of the
characteristics and the characteristic form of the system are calculated. A particular solution is
given in which the system of integrodifferential equations changes type with time. The solution
of the Cauchy problem is given for linearized equations. An ezample of initial data for which
the Cauchy problem is ill-posed is constructed.

1. Derivation of the Equations of Motion. The solution of the boundary-value problem
ur +uux +vuy +px =0,  e*(vr+uvx +vvy) +py = ~1,
uy +vy =0, ~00 < X < oo, 0 <Y < h(X), (1.1)
(T, X,0) =0, u(T, X, h)hx = v(T, X, k)

describes the plane-parallel motions of a layer of an ideal incompressible liquid bounded by a solid wall
Y = h(X) and a level floor in a gravitational field. The variables & = (gHo)Y?u, 5 = (gHo)Y?HoLy v,
p=pgtop, T = Lo(gHo)"I/ T, X = LoX, and Y = HyY are the dimensional components of the velocity
vector, the pressure, the time, and the Cartesian coordinates, respectively; u, v, p, T, X, and Y are the
dimensionless quantities corresponding to them. The parameters Hy and Lo determine the characteristic
vertical and horizontal scales, p is the density, and g is the acceleration of gravity. In a narrow-channel
approximation, the parameter ¢ = HoLg ! is assumed to be small, and terms of order €2 in Egs. (1.1) are
ignored, which enables us to represent the pressure in the form p(T, X,Y) = h(X) - Y + p*(T, X), where p*

is the dimensionless pressure at the upper boundary of the channel. Integration of the continuity equation
yields the equation

Y
vz—/ude.
0

After transformations, we have the problem of finding u and p*:

h
ur +uuyx +vuy + hx +py =0, (/udY)X=0 (1.2)
0

(the functions p and v were defined above). In this model, the absence of vorticity is equivalent to the condition
uy = 0. We consider vortex flows with a monotonic velocity depth profile (uy > 0).
We pass to the Eulerian-Lagrangian coordinates z and A [1],

T =t, X =z, Y =9z (0<A<1), (1.3)
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where the function ®(t,z, A) is the solution of the Cauchy problem
O, + u(t,z,®)®; = v(t, z, D), ®(0,z,1) = Ah(z). (1.4)
By virtue of (1.2) and (1.3), to define the functions u(t,z, ) and H(t,z,)) = ®) we obtain

e+ uug — (une + wurs) =0,  Hy+ (uH)z =0, /Hd,\ = h(z) (1.5)

[u1 = u(t,z,1) and p; = —(u1t + ©1u1:), and since p; does not depend on A, this function can be expressed
in terms of the velocity u and its derivatives for a fixed A, such as A = 1]. The change of variables (1.3) is
reversible under the condition &) # 0. We take &, > 0.
For further transformation of the equations of motion, we use the equation
1

/uch = Q(t), (1.6)

0

which means that at each time the liquid flow rate Q(¢) in the channel does not depend on the cross section.
Let the flow rate Q(t) be given and let u) and § = H/u) (the quantity inversely proportional to the vorticity)
be the desired functions. Then we can pass from Egs. (1.5) to the system

uy + uupg + upuz =0, 0: 4+ ub; =0, (1.7

where the functions u and u, are expressed, in accordance with (1.6), by the equations

1 1 -1 1 A
u=u— [udy, w= ( 8 dA) [Q(t) + u,\( uyb du) d)\],
Join wn() s o
1 1 - 1 1
up = —/u,,, dv + (/u,\ﬂ dA) [— ul(/uhed/\ + /u,\0, d)\) (1.8)
A 0 0 0

1 A 1

+/u,\,(_juy0du) d/\+0/1u,\(/u,,30du) dx +/uA(0/Auy0,du) dA].

0 0 0

1
If the functions u), and @ are determined, we know H = fu), the upper boundary h = / u8 dX of the channel,
0

and, by virtue of (1.8), u. The equation k¢ = 0, which expresses the fact that the upper boundary is fixed, is
a consequence of the equations, since we have

1 1
hy = /(ﬂtu)\ + Ouy)dA = -—/(uu,\G, + uuyz0 + upug8) dd = —[Q(t)): = 0.
0 0

The equations p; = hz + pb = —(u1 + viuiz), ¥\ = H, ®(¢,2,0) = 0, and (1.4) enable us to find the
peessure (to within an arbitrary function of t), ®, and the vertical velocity component. System (1.1) in the
narrow-channel approximation is thus reduced to problem (1.7), to which, in contrast to Eqs. (1.5), methods
of studying of the hyperbolicity [2] can be applied.

Remark 1. The results obtained also hold for three-dimensional axisymmetric flows. In this case, the
system of equations of motion, in the absence of an external force field and in a long-wavelength approximation,
has the form

ug + uugy + wu, + pr =0, pr =0,
ur +wy +rlw =0, (uR; — w) =0 (0<r<R(z)).
T=R
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The change of the variables y = r2/2, v = rw, and h(z) = R%(z)/2 reduces this system to equations similar
to (1.1) for e = 0.

2. Hyperbolicity Conditions of the Equations of Motion. We shall formulate the necessary
and sufficient conditions for system (1.7) to be hyperbolic. Analysis of the characteristics of system (1.7) is
based on a generalization of the concept of hyperbolicity for systems of equations with operator coefficients,
proposed in (2] and used in [3] to investigate the problem with a free boundary.

System (1.7) can be written

Ut + AU: = 0, (21)

where U = (uy(t,z, 1), 0(¢,z,)))!, and A is a matrix with operator coefficients that arises from the substitution
of Egs. (1.8) into Eq. (1.7), and it operates on a vector function f by the rule

Af = (uf,-uA/lfldu+u,\h-1[—ul(/lfladH/luAfsz)+/1f1(]\u”9du)dx
A 0 0 0 0

1 A 1 A N
+/u,\(/f10du) d/\+/u,\(/u,,f2du) dA], uf2> .
0 0 0 0
The characteristic of system (2.1) is determined by the differential equation z'(t) = k(¢, z), where k is
the eigenvalue of the operator A* (the propagation velocity of the characteristic). The solution of the equation
(F,(A-kDp)=0 (2.2)

for the vector functional F = (F;, F3), which operates on the arbitrary, infinitely differentiable vector function
@ = (¢1,2)* of the variable A (the dependence on t and z as parameters), is sought in the class of locally
integrable or generalized functions. The expression (F, ) denotes the result of the action of the functional F
on the test vector function. We assume the functions uy and 6 to be infinitely differentiable with respect to
A. The action of F on Eq. (2.1) yields the equation for the characteristic

(F,U; + kU,) = 0. (2.3)

System (2.1) is hyperbolic if all the eigenvalues k are real and the set of equations for the characteristics (2.3)
is equivalent to Eqgs. (2.1).

With allowance for Eq. (2.2) and the nondependence of the test functions ¢; and 2, we obtain the
equations

1 1 1 A 1 A
(Fl,(u-—k)zpl ~u [ du-l—u,\h“l[—ul/c,olﬂdufcpl(/u,ﬂdu) dA+/uA(/g910du) dAD =0, (2.4)
0 0 0 0 0 0

1 1 A
(F2, (u = k)p2) + b~} [ - UI/UA‘PZ dA + /“A(/UV‘P2 dV) d/\] (F1,wm) = 0. (2.5)
0 0 0
We consider the set of eigenvalues k, which belong to the complex plane except for the interval [ug, uy].

1
With the use of the function () = ——/cpl(u) dv, Eq. (2.4) takes the form
A

(Fl, [(u(A) - k) (¢(A) +h71 (uooo¢o + /l by du))]x) =0. (2.4)
0

Here and below, the 0 and 1 mean that the functions u, 8, and 1 are taken for A = 0 and 1. We represent
1

the functional Fj as a combination of V and W, where (V) = —/cp(l/) dv. To determine W, we obtain the
A

equation
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1
(W, (u(X) = k)p(2) + A~! (uo%z,bg + /¢u0,, du)(W, (u(A) =w1)) =0, (2.6)
0
1
from which we find (W, ) = /O(A)[u()\)cp(/\)(u(k) — k)"1ad). Hence the functional Fj acts by the rule
0

1 1
(Fie) = [0 [uNE() - B [ o) ds] ar (27)

0 A
Taking ¢ = (u(X) —u1)(u(A) — k)~! in (2.6), after some transformations we obtain the characteristic equation
k(k — up) /l 8(M)ux(u(X) — k)~ 2dr =0, (2.8)

0

which determines the discrete spectrum of the operator A*. We note that if u does not vanish, Eq.. (2.8) has
a single real root k = 0, since we have fuy = H = &, > 0 and k # u. Other characteristic roots, if they exist

for this solution, are complex. Substituting £ = 0 into (2.5) and (2.7), we find the functional corresponding
to this eigenvalue:

1 1
(F0) = [600pNdr,  (FL9) = [ure(3)dx.
0 0

Below, we shall show that the operator A* has a continuous characteristic spectrum k*(¢, z) = u(t, z,A),
and we find the corresponding eigenfunctionals. Proceeding by analogy with the foregoing, we represent Fj as
14

a composition W o V. We specify the action of the functional V by the rule (V,¢) = (u(v) —u(A))™? / p(p) dp.
A

To determine W, we obtain, in accordance with (2.4'), the equation

(W, () + 57 (sodospo + ] whppdu)) =0,
0

1
from which we obtain (W, ) = / 6[u¢)], dv. Finally, the action of the functional F}* = W o V' is determined
0

to be

1 v
(F%0) = [00)[(w(v) = u)ulv) [ ) da] av.
0 A
From Eq. (2.5) we find the functional Fj*:
1
(F3,0) = [ u(v)usp(v)(u(v) — u(A) ™ dv.
0

It is obvious that Egs. (2.4) and (2.5) have one other nontrivial solution: (FZ*,¢) = 0, (F2*,¢) = 6(v — A).
To obtain equations for the characteristics with u # 0, we act on Egs. (1.7) by the functionals F!*,
F2X and FO. The action of F** on the system yields the equation

1
J 00 () (ua(v) + u(wYusz() = welA) = u(Wua()(u(v) = u(2) ']y dv
0
1
+ [ w0y (0:(v) + u()0:(v))(u(v) — u(X) ™ dv =0,
0
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which after transformations reduces to the equation

1
u(N)] [ 1ual8u(9) + 6(N)0(6)) + 00) 1 + (Vs () — (1) dv
0

1

- / O(v)upfu(v) + u(A)uz(v) — wr(X) — u(X)ug (A))(u(v) — u(/\))_2 dv
0

1 1
+ / un(0:(v) + u(N)8: () dv + / () (uyr + u(N)uyz ) dv = 0.
0 0

1
With the use of the functions A and R(\) = juyﬂ(u)(u(u) — u({A))~!dv, the system of equations for these
0

characteristics takes the form
u(Rt + uRI) + hi +uh, =0, 0: +ud, =0, h: =0. (29)

Remark 2. If u vanishes [u(\.) = 0], the functionals F1** and F° coincide, and the first equation
of (2.9) with u = 0 is satisfied automatically. In this case, we use the eigenfunctionals FO and F?* and the
associated one P1* = (Pln, le'\), which acts on the test function ¢ by the rule

(PP, ) = /1 o) [(u(w) - w(X))™? / o) du| v,
0 A

1
(PP 0) = [up(v)(u(v) — u() ™ dv
0

and has the property (P12, (A — ul)p) = (F°, ). By acting on system (1.7) by the functionals F?, P! and
F?), we obtain the equations

Ri+uR: +h; =0, 0 + ub, =0, h: =0, (29’)

which are equivalent to Eqs. (2.9) for the characteristics with u # 0.
The hyperbolicity conditions for system (1.7) are formulated in terms of the complex function x(z) =

1
/ Oux(u — z)~2d) or, to be more precise, its limiting values
0

1
xE(u(N) = =01 (u1 — u(N)"! + 8o (uo — u(N)) ! + / 0, (u(v) — w(A)) " dv + 7y /uy
0

from the upper and lower half-planes on the interval [ug, u1].
Lemma 1. For the solution uy and 8, Eq. (2.8) has no complez roots if the following condition is

satisfied:
®=Aarg (x*/x7)=0, xTF#0 (2.10)

(the increment of the argument upon variation of A from zero to unity).

Proof. In Eq. (2.8) only the integral cofactor, which coincides with x(k), can have complex roots.
It is therefore sufficient to check the lemma’s statement for the equation x(k) = 0. We draw a contour v
of the dumbbell type around the interval of variation of the function v and draw a circle I of a sufficiently
large radius [such that all the roots of the equation x(k) = 0 lie inside the circle] (Fig. 1). In the domain
D (the intersection of the exterior of the dumbbell and the circle), the function x(k) is analytical and has
no poles. By virtue of the principle of the argument, the number of zeros of x(k) in this domain equals the
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Fig. 1

increment of the argument along the contour yUT divided by 2x. The increment in the argument upon going
counterclockwise around the circle I' is —27 (a second-order zero). In going clockwise around each small open
circle confining the points ug and u;, the argument obtains an increment of 7 each (a first-order pole), which
adds up exactly, to within the sign, to the increment obtained in going around the contour I'. The number of
zeros of the function x in the domain D therefore equals the increment of the argument on the handle of the
dumbbell divided by 2x. It follows from this that condition (2.10) is necessary and sufficient for the absence
of complex zeros of the equation x(k) = 0. Lemma 1 is proved.

The requirement x* # 0 excludes the neutral case. Therefore, if (2.10) is satisfied, there are no complex
characteristic roots not only for the given solution but also for sufficiently small perturbations of it.

The next lemma establishes the conditions under which Eqgs. (2.9) for the characteristics are equivalent

to Egs. (1.7).
1
Lemma 2. Let the components of the vector function S = (Sy, S2)* be such that / S1dv satisfies the
A
Hslder condition and while S; is continuous in the variable A, and the equations (F1*,S) = 0, (F?},8) = 0,

and (F°,S) = 0 and condition (2.10) are satisfied. Then S(\) =0, where 0 < A < 1.

Proof. From the equation (F?},S) = 0, it follows that the component S equals zero. Using this, to
determine the function S] we obtain

1 . v 1
Jow) [(u(u) ~u()u() [ Si(w) dy]udu =0, [osinar=o. (2.11)
0 A 0
1
By integration by parts and the substitution () = — / S1(p) du, we transform Egs. (2.11) to the form
A
1
w101 (1 — u(X) TH(A) + uobo(ua—u(X) (o — Y(A) +/u(V)9u(U(V) = u(A) 7 (W(v)—b(A) dv = 0,
0

1
bobo + / 030(A) dA = 0.
0

Eliminating g, to determine the function ¢ we write the singular integral equation
1

[u101(u1 —u(A))™! — ugbo(ug — u(A))"! - /u(u)e,,(u(u) —u(A)™! du]z/)(/\)

0

1 1
—ug(uo — u(A))™! / 0,9 (v) dv + / w(0)By(u(v) — u(N) " H(v) dv =0,
0 0
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which we reduce by simple transformations to the form

1
q»k—mml-qny4+%@o—an4+/ﬁ44w_uun4dnwn
0

1
~(u(}) — u) ™ [ 8u(u(v) - uo)(u(v) — u(V)H(v) dv] =0.
0

By virtue of Remark 2, the factor () in this expression can be cancelled. The change of the variable { = u(v)
[€o = u(0), &1 = u(1), and z = u(A)] reduces this equation to the singular integral equation, which is similar
to the characteristic equation [4],

§
a(z)b — (xi)™ [ B(E)(E - 2)71h(€) de = 0, (2.12)
£o

where the functions a(z) and b(¢) are given by the equations
£
a(z) = (z = &0)(=01(62 = 2 + folto — 2) + [ Oele — 2)7 ),
§o

B(E) =mife6-&)  (fFO) = f(2)).
We introduce a piecewise-holomorphic function that vanishes at infinity:
&
(z) = (i)™ [B(OD(E)E — )7 ek,
o
From the Sokhotskii~Plemelj equations we obtain the equalities

a(2)P(z) = ¥H(2) + T7(2),  B(2)d(z) = ¥*(2) - ¥ (2),

from which it is seen that the solution of Eq. (2.12) can be reduced to the solution of the homogeneous
conjugation problem U¥(z) = G(z)¥~(z), where G(2) = (a(z) + b(z))(a(z) — b(2))~! is a given function while
¥ is a function to be found. From the known V¥, it is easy to find ¥ = (2(a + b)) ~!¥+. We note that we have
% (2) = (a(2) £b(2))(z— €0)~L. As z varies from & to £, the increment of the argument of the function G(z)
therefore equals the increment of the argument x*(z)(x~(z))™!, and it equals zero from condition (2.10).
The index of the conjugation problem therefore equals zero. In this case, according to [4], a homogeneous
conjugation problem has only a trivial solution in the class of functions that vanish at infinity, and hence
$(z) = (1) = 0. Since we have Si()) = ¢’()), we obtain $;(X) = 0. Lemma 2 is proved.

Theorem. For flows having a monotonic velocity depth profile, conditions (2.10) are necessary and
sufficient for Egs. (1.7) to be hyperbolic if the functions u and 8 are differentiable, and uy and 0 are the
Hiélder functions in the variable ).

The proof of the theorem follows from the definition of hyperbolicity and Lemmas 1 and 2.

3. Change in the Type of the System of Equations as the Flow Evolves. We shall give an
exact solution in which Egs. (1.7) change type with time. We consider the solution

u=(z+CN))t+CN) +a)7!, 0=ul4(1-u? 0<u<l), (3.1)

where C()) is an arbitrary function [C'()) > 0, C(0) = 0, and C(1) = C}] and a is a positive constant. The
inequalities uy, > 0 and H = ®, = C'(z + C)™! > 0, which ensure that the velocity profile is monotonic
with depth and the change of (1.3) is reversible, are satisfied in the region 0 < z < t + a (¢t > 0). The upper
boundary of the channel and the flow rate are given by the functions

hz)=ln(1+Ciz™Y),  Q(t)=In(1+Ci(t+a)™").
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The solution in Eulerian coordinates has the form
u = zexp (y)(t + z(exp(y) — 1) + )7,

v=—(exp(y) - 1)(t+z(exp(y) — 1) +a)™!, p=-y+ f(t),

where f(t) is an arbitrary function. For definiteness, let C; = 12 and a = 0.09.

This solution describes a liquid flow in a convergent channel (Fig. 2). The horizontal velocity component
u is greater than zero, and the liquid therefore flows in the positive direction of the z axis. For a fixed ¢ and
large values of z, the channel height and the vertical velocity component approach zero, while the horizontal
component approaches infinity. With increasing time (for a fixed z), the flow slows down, since u — 0 and
v — 0. In Fig. 3, we show velocity profiles for z = 0.05 at the times ¢t =0 and 0.8.

We verify the hyperbolicity conditions for system (1.7) using the functions Z%(u) = (u; — u)(uo —
u)x*(u). For solution (3.1), the functions Z* have the form

Z*(u) = (v —wo)luy " + (1 = ua) 7] + (w1 — w)[ug" + (1 — wo) 7]
—(w1 — u)(u — uo)[(1 — w)7H((1 —ur) ™ = (1 = uo) ™) + v (ug! - u7’Y)
+(1 - w)"2In((1 = uo)(u1 — u)(1 — uy) "} (u— uo) Y
+u~ 2 In(ug (u — uo)ug (w1 — v) ™)) F wi(us — u)(u — ue)((1 — u)~2 —u~2).

It is seen that the imaginary part of Z* vanishes only for u = ug, 1/2, and u;. If we have 0 < u < 1/2 or
1/2 < u < 1, then ImZ*(u) does not change sign and conditions (2.10) are satisfied.

Let us test whether the hyperbolicity conditions for solution (3.1) are satisfied at the point z = 0.05
at the times t = 0 and 0.8. For ¢t = 0, we have the index & = 0 [conditions (2.10) are satisfied], since
ug = 0.55556 > 1/2, Im Z¥* does not change sign as u varies from ug to u;, and the increment of the argument
of the functions Z*(u) is zero. Moreover, at the initial time ¢ = 0 the hyperbolicity conditions (2.10) are
satisfied at any point z at which the solution is determined.

For t = 0.8, on the basis of Fig. 4 (the graph of the function Z~ is similar, but goes around in
the opposite direction) we obtain AargZ*(u) = 27 and AargZ~(u) = —2n, and hence & = 4w. The
hyperbolicity conditions are violated in this case, and there are complex characteristic roots for the solution
under consideration. This example shows that as the flow evolves, system (1.7) can change type, and in a
liquid flow in a narrow channel, instabilities may develop for certain distributions of the initial data.

4. Solutions of the Linearized Problem. We linearize Egs. (1.7) for the solution u = u%(}) (v} # 0)
and @ = 8°()\). For this we represent the functions u and 8 as

u(t,z,\) = u®(\) +eu'(t,z,)),  8(t,z,)) =0°()\) + € (¢,2,)0),

where u'(t,z,A) and #'(t,z,A) are the desired quantities (perturbations) and ¢ is a small parameter. The
function Q(t) giving the liquid flow rate in the channel is also linearized: Q(t) = Qo + €Q1(t). We assume the
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function @Q;(t) to be given. We omit the prime below. The system for determination of perturbations has the
form

uy + uou,\z + u‘iuz =0, 6; + u%9, = 0. (4.1)

Here the functions u and u, are expressed in terms of u’, 8%, uy, 8, and Q; by the equations

1 i 1 A 1
w= (/ 136" d,\> [Ql(t) + ux(/u%o du) ar - [ w6 r
0 0 0 0
1 A 1

+jug(juu00du) d)\—u?/lugﬁd/\+/ug(/u30du) d/\] - [wdv,
0 0 0 0 0

A
A

up = ( /l u36° dA) - [Qo + /1 ug( [aee du) dA] ( /l g6’ dA + /l w86, d,\)
0 0 0 0

0

+(0/luf{0°d/\)_l [0/1 Une (j u2g° du)dA + jug (O/A y26° du)dA +0/1u§ (j 20, du)d,\] —ju,,, dv

obtained by linearizing (1.6) and (1.8). Equations (4.1) thus represent a linear system for determination of
uy and 6.

Equations (4.1) [by analogy with the nonlinear system (1.7)] are equivalent to the equations for the
characteristics

uO(Ri+ v Ry) + he +ulhy; =0,  6;44%,=0, k=0, u®#0, (4.2)

where

1
R= / [6°(v)us + u6(v) — wp6°(¥)(u(v) = w(N))(’(¥) — u’(A) (' (v) — °(N)) " dv,
0 (4.3)

1
h= /(u‘,{a +6%y) d).
0

If u®()) vanishes, the linearized equations (2.9') must be used. By integrating Egs. (4.2), we obtain
R(t,z,)) = fi(z — tu®(A),N) = (®°(V))th(z),  O(t,z,)) = fa(z — tu®(A), N)
(the functions f1 and f; are defined by the initial data). Suppose we have the initial data
ux(0,z, ) = s(z, A), 0(0,z,A) = fa(z, A).

Then f is found by substituting the functions s and f2 into (4.3) in place of u) and 8. To solve system (4.1),
we must express u) in terms of the known quantities R, 8, k, 4%, and 6°.

1
Proceeding by analogy with the proof of Lemma 2, we introduce the function ¥(A) = — / u, dv and
A

represent Egs. (4.3) in the form

1
639 (A\)(u] — w® (M) + 65 (%o — H(N)(ug — u' (V)™ + /03(¢(V) — () = u"(A) " dv
0

1 1 1
= R(\) — /G(V)ug(uo(u) — () dy, /(;v‘%/;A dh=h— /9u§ dh. (4.3)
0 0 0
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We express 3y by means of the second equation of (4.3') and substitute it into the first, and after a
transformation we obtain the equation

9(0) = BN — w0) | - 08wl = w2 ) + 83w — w20 + [ 82(a() — w20 )

1

+ [0,°() - ) () = w° () M (v) v,

0
1 1
9 = —h+ [ u30r+(u§ — V)[R - [u200)((v) - 0N) ! ],
0 0

which we reduce, by the change of the variable £ = u%(v) [£p = u), & = u, and z = u(})), to a singular
integral equation similar to the characteristic equation [4]:

P()K(2)(6 = 2)7" = ¥(z) = §(2).

Here

§
¥(z) = [Oe(6o - )€ - 2) () dts
o

3
K(z) = (b0 —2)(&1 — 2)['— 0 —2) " +Bo—2)" + /52(6 —2)7! d{’]-
éo

As in Sec. 2, we use the notation f(A\) = f(z). Solving the integral equation is reduced to solving the
inhomogeneous conjugation problem

UH(z) = G(2)¥(2) + 27i(éo — 2)(€1 — 2)8%5(2)/K~(2), G=K*|K™.

We note that K(z) satisfies the requirements of a canonical function and coincides, to within the
cofactor, with the function ¥(z), in terms of the limiting values of which we formulated the conditions for
hyperbolicity of Egs. (1.7). The index of the conjugation problem is therefore zero. In accordance with [4], we
write the solution of the inhomogeneous conjugation problem, which vanishes at infinity, as follows:

&
U(z) = K(2) [ (o — )& - OFGEOIKHOR(€)E - )~ de.
o

The solution 1(z) of the integral equation is
¥(2) = (2ri(bo — 2)83) ' [TH(2) — ¥ (2)].
Making direct calculations and performing a reverse change of the variables, we find

$(2) = (u] = KN gNE TN K~(N)™ + N,

1
N = [ (6§ = (@) - w)BgW)(KFKT) ) (') = (W) o
0

The unknown function u) is now determined by differentiating 1 with respect to the variable A. We thus
obtain the solution of the Cauchy problem for system (4.1).

For system (1.7), we can construct an example of an ill-posed Cauchy problem if, for the solution
u = u®()) and § = 6°()\) considered, there are complex roots of Eq. (2.8). System (4.1) has the solution

u = @1(A) exp (il(z — kt)), 0 = p2(X),
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where k is a complex root (Imk > 0) of the characteristic equation (2.8). The function u(0, z, A) is finite as
l = oo, but u(t,z,A) (¢ > 0) becomes infinite. The lack of a continuous dependence of the solution on the
initial data indicates that the Cauchy problem is ill-posed with violation of conditions (2.10).
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